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A robot is an autonomous system
which exists in the physical world,
can sense Its environment,
and can act on it to achieve some goals

Maja J Mataric, The Robotics Primer, The MIT Press, 2007
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Maja J Mataric, The Robotics Primer, The MIT Press, 2007
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Introduction to robot mechanics
* Definition of degree of freedom (DOF)
* Definition of robot manipulator
 Joint types
Manipulator types

Definitions of joint space and Cartesian space
 Robot position in joint space
* Robot position in Cartesian space
* Definition of workspace
Direct and inverse kinematics
 Kinematics transformations
* Concept of kinematic redundancy
e Recall of transformation matrices
Denavit-Hartenberg representation
e Algorithm
« Examples

References: Bajd, Mihelj, Lenarcic, Stanovnik, Munih, Robotics, Springer, 2010: Chapters 1-2
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1 DOF \

Fig. 1.1 Two examples of systems with one degree of freedom: mass particle on a wire (left) and
rigid pendulum in a plane (right)

Z

2 DOFs / Q”;/ (I)_' \ 3 DOFs
\

Fig. 1.2 Examples with two (left) and three degrees of freedom (right)
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Total Degrees Controllable Degrees

e CONTROLLABLE DOFs: of Freedom of Freedom
an actuator for every DOF

e UNCONTROLLABLE DOFs:
DOFs that are not
controllable.

[X, Y, z, roll, pitch, yaw]

oy ol

[X, Y, 8]
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e HOLONOMIC: CDOF = TDOF
When the total number of controllable DOF is equal to the total number
of DOF on a robot (or actuator), the ratio is 1, and the robot is said to be
holonomic. A holonomic robot or actuator can control all of its DOF.

* NONHOLONOMIC: CDOF < TDOF
When the number of controllable DOF is smaller than the total number
of DOF, the ratio is less than 1, and the robot is said to be nonholonomic.
A nonholonomic robot or actuator has more DOF than it can control.



Degrees of Freedom (DOFs) of a rigid body

THE BIOROBOTICS
INSTITUTE

\ Scuola Supegiore
/ Sant’Anna
3 translations 2 rotations 1 rotation
Y S
“\..\I,.-r""
(N _J
—

POSE

A single mass particle has three degrees of freedom, described by three rectangular displacements along a line called
translations (T).

We add another mass particle to the first one in such a way that there is constant distance between them. The second
particle is restricted to move on the surface of a sphere surrounding the first particle.

Its position on the sphere can be described by two circles reminding us of meridians and latitudes on a globe. The
displacement along a circular line is called rotation (R).

The third mass particle is added in such a way that the distances with respect to the first two particles are kept constant. In
this way the third particle may move along a circle, a kind of equator, around the axis determined by the first two particles.
A rigid body therefore has six degrees of freedom: three translations and three rotations. The first three degrees of freedom
describe the position of the body, while the other three degrees of freedom determine its orientation.

The term pose is used to include both position and orientation.
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A degree of freedom (DOF) is any of the minimum
number of coordinates required to completely specify
the motion of a mechanical system.

DOFs of a rigid body in 3D space:

* 6 DOFs:
* 3 TRANSLATIONAL DOF: x, y, z
« 3 ROTATIONAL DOF: roll, pitch, yaw
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~___Elbow Joints

__— Wrist Joint

Definition: open kinematic chain
Sequence of rigid segments, or
links,

connected through revolute or
translational joints, actuated by a
motor

One extremity is connected to a
support base, the other one is
free and equipped with a tool,
named end effector
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* Joint = set of two surfaces that can slide, keeping
contact to one another

* Couple joint-link = robot degree of freedom (DOF)

* Link O = support base and origin of the reference
coordinate frame for robot motion
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| 51'111).];1 Superiore Chain of 3 links
ORI AT 2 adjacent links are connected by 1 joint

: . Each joint gives 1 DOF, either rotational
A robot manipulator consists of a or translational

robot arm, wrist, and gripper.
The task of the robot
manipulator is to place an object
grasped by the gripper into an
arbitrary pose. In this way also
the industrial robot needs to
have six degrees of
freedom.

gripper

The segments of the robot arm are
relatively long. The task of the
robot arm is to provide the desired
position of the robot end point.
The segments of the robot wrist
are rather short. The task of the
robot wrist is to enable the
required orientation of the object
grasped by the robot gripper.
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Rotational Joint  Translational Joint

(revolute) (prismatic)
The relative - The relative
position of 2 s position of 2 links
links is is expressed by a
expressed by distance d
an angle 6 .

+ angle of rotation

-

joint axis joint axis

.H\-
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Fundamental categories:

Rotational (3 or more rotational joints) — RRR

(also named anthropomorphic)

Spherical (2 rotational joints and 1 translational joint) — RRT
SCARA (2 rotational joints and 1 translational joint) — RRT
(with 3 parallel axes)

Cilindrical (1 rotational joint and 2 translational joints) — RTT
Cartesian (3 translational joints) = TTT



Anthropomorphic Spherical SCARA

RRT

Cartesian
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PUMA 560
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* Joint space (or configuration space) is the space in
which the g vector of joint variables are defined.
Its dimension is indicated with N
(N = number of joints in the robot).

e Cartesian space (or operational space) is the space in
which the x = (p, ®)" vector of the end-effector
position is defined.

Its dimension is indicated with M (M=6).
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* ¢ is the vector of the robot position in joint space.
It contains the joint variables,
it has dimension N x 1,
it is expressed in degrees.

 x=(p, @)"is the vector of the robot position in
Cartesian space.

It contains:

* p, vector of Cartesian coordinates of the end effector,
which has dimension 3x1 (x,y,z coordinates).

@, vector of orientation of the end effector,
which has dimension 3x1 (roll, pitch, yaw angles).
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Estensione
del gomito

Elevazione “
gella spalla ‘ﬁ

Brac:io

Imbardata
Rotazione N ll' \
del braccio §,

‘ ic
‘\ .&r;a!“ Poiso
\ - 7 |
\l \ ’ Roliio
| ‘l 1. G
| | Beccheggi gig, @ / /
Basamcmo\/\% P -~ J
| g
O ”

X = (p, @) = (x,y,z,roll,pitch,yaw)
Ex. (0.7m,0.1m,0.5m,10°,-45°,5°)
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Tipically:

Main subgroups =
Supporting structure + wrist

The supporting structure tunes
the position of the end effector

The wrist tunes the orientation
of the end effector

WAIST 3207
[JOINT 1)
g , 9 - SHOULDER 268°
. _UPPER ARM
/ (JOINT 2)

SHOULDER ELBOW 284°

BEND 200°

WRIST ROTATION 280 °
/ (JOINT 4)
- {JOINT &)

WRIST
TRUNK ———» | 7

FLANGE 532 °
{JOINT &)

Fig. 1. PUMA 560 rohot arm. Degrees of ioint rotation and member identification.
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Robot workspace = region described by the origin of the end
effector when the robot joints execute all possible motions

ATTARABLE IN

LEFTY COMFIGURATION ,:\ L 1:;‘_\,J/ " 020 (4.0ir) RADILS
S
"l‘. By meralll - D40cm (16.00r] MAX,
¥ _RADIUS TO HAND
GENT FILIME.
m {12.50n]

H‘.'IDIU TO Ta0L
LANGE,]





file:///C:/Users/Cecilia/Documents/Didattica/Videos/Video Robotica/Comau_6-axis.mp4
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Reachable workspace = region of the space that the end
effector can reach with at least one orientation.

Dextrous workspace = region of the space that the end
effector can reach with more than one orientation.
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Rotazione del tronco 320° 4

It depends on @ Rotzzione della spalla 300°
* Link lengths ‘
° JOint ranges Of | o Rotazio’ne del gomito 270°

motion

Rotazione
della flangia 270°

=

Lo
Q \p/
Attacco dell’effettore

w Rotazione del polso 300°
()]
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* Analytical study of the geometry of the arm motion,
with respect to a steady Cartesian reference frame,
without considering forces and torques which
generate motion (actuation, inertia, friction,
gravity, etc.).

* Analytical description of the relations between joint
positions and the robot end effector position and
orientation.
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Direct kinematics:

 Computing the end-effector position in the
Cartesian space, given the robot position in
the joint space

Inverse kinematics:

 Computing the joint positions for obtaining a
desired position of the end effector in the
Cartesian space
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Link
parameters
. l End effector
Joint angles : - - "
(G0 ) Direct kinematics ——  position and
15+++Yn orientation
|
Link :
parameters ;
l :
|
. |
Jointangles Inverse kinematics <-------- "
(q19°'°qn)
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* For agiven robot arm, given the vector of joint
angles g and given the link geometric parameters,
find the position and orientation of the end effector,

with respect to a reference coordinate frame
* Find the vectorial non-linear function

X = K(q) x unknown, g known

Ex. PUMA (x,y,z, roll,pitch,yaw) = K(q,,....,q¢)
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 For agiven robot arm, given a desired position and
orientation of the end effector, with respect to a
reference coordinate frame, find the corresponding
joint variables

Find the vectorial non-linear function

q=K1x) gunknown, x known

Ex. PUMA (q,....,q¢)= K1 (x,y,zroll,pitch,yaw)
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Number of DOFs higher than the number of variables needed

for characterizing a task << The operational space size is smaller
than the joint space size

The number of redundancy degrees is R=N-M
Advantages: multiple solutions

Disadvantages: computing and control complexity
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 The equations to solve are generally non linear

* |tis not always possible to find an analytical solution

 There can be multiple solutions

 There can be infinite solutions (redundant robots)

* There may not be possible solutions, for given arm kinematic
structures

* The existence of a solution is guaranteed if the desired
position and the orientation belong to the robot dextrous
workspace
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Recall of transformation matrices

Matrices for translations and rotations of
reference coordinate frames
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A rotation matrix operates on a position vector in a 3D space.

A rotation matrix transforms the coordinates of the vector

expressed in a reference system OUVW in the coordinates
expressed in a reference system OXYZ.

OXYZ is the reference system in the 3D space.

OUVW is the reference system of the rigid body which moves
together with it.
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pxyz = Rpuvw r

”
L]

Figura 2.2 Sistemi di coordinate di riferimento e solidali al corpo.

is the relation transforming
the coordinates of the vector p,,, expressed in the reference system OUVW
in the coordinates of the vector p, , expressed in the reference system OXYZ.

R is the 3x3 rotation matrix between the two frames OUVW and OXYZ
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F

(:_ _) Rot(z. v)

\_~ >
@ Rot(y., B) R
I/Rot{x, o) ~

x, x
x v 7
cos (" cos90~ cos90” O x
c0s90° cosot cos(90°+a) 0 | vy
0] z
1

.

0 0

1 0

0 cosax —sino 0

Rot(x,0t) = 0 0
1

cos90° cos(90° —et)  cosot
0 0 0

sint cosof
0 0 0

The angle between the x’ and the x axes is 0°, therefore we have cos0® in the
intersection of the x’ column and the x row. The angle between the x’ and the y
axes 1s 907, we put cos 90" in the corresponding intersection. The angle between the
y" and the vy axes is ¢, the corresponding matrix element is cosc.
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b

[cﬂ-ﬁ'}" —siny 0 0]

oy |siny cosy 0 0

[ 0 0 0 1]

cosB 0 sinfi Ofx -

an 0 1 0 Oy 0 -1 00]]|7 —3
Rot(y.B) = _sinf 0 cosp 0]z _ 1 O 0013 7
0o 0 0 1 "Zlo o 1ofjol "o

o 0 01 | I
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Rotation around the Z axis

R, o=

2
¥ \/
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0
0

Cos 0
Sin O
0
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0
CoS a

Sin o

-sin 0
COS 0O
0

0
-sin o

COS o

0
0
1

Rotation around the Y axis.

Ry, ¢

COS ¢
0

-Sin ¢

Fundamental rotation matrices

0
1

0

sin ¢

COS ¢
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The fundamental rotation matrices can be multiplied to

represent a sequence of rotations around the main axes of
the reference frame:

R=R,oRyoR.0

X,0 Y,

pxyz = Rpuvw

rd
e
X

Please note: matrix product is not commutative
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Representation of a position vector of size N
with a vector of size (N+1)

P = (P Py P’ A = (Wpy, WPy, WP, W)T
w = scaling factor
In robotics w = 1.

Unified representation of translation, rotation,
perspective and scaling.
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Rotation around the X axis Rotation around the Y axis
1 0 0 0 - CoS ¢ 0 sin ¢ O_
Ry.= | 0 cosa sina 0 | R, ,=| O 1 0 0
0 sino cosa O sing 0 cos¢ O
0 0 0 1 0 0 0 1
Rotation around the Z axis
Cc0s O  -sin O 0 O_
R, = [sin® coso

0 0
0 0 1 0
0 0 0 1
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1 0 0
tran: 0 1 0
0 0 1
0 0 0

Pz =T

XyZz tran

P

Vuw
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nx SX ax dx
ny sy ay dy n s awp
nz Sz az dz —10 0 01

p = origin of OUVW with respect to OXYZ

n,s,a representation of the orientation of
the frame OUVW with respect to OXYZ
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Homogeneous matrices for rotation and translation
can be multiplied to obtain a composite matrix (T)

T=T0TL, ... T

n

O=T0TL ... T p"=Tp"



THE BIOROBOTICS Example of transformation of a

INSTITUTE

B reference frame
% =, | Scuola Superiore

‘“ Sant’Anna

1 00 4 0 01 0]J0O =100
01 0 -3 0 1001 0 00
001 7 10000 0 10
000 1[0 0O0T1][0 0 OT1
00 1 4]
1 00 -
010 7
000 1
x:'vf,/,f

(07 70T [17 4 ]x
I 0 0 —3|y

0] [1)°[0] 7 |z
0 0 0 |

R
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Rot(z,90%)

17N I
Rot(y,907) ~ o
)

Vo

D = Rot(z,90°) - Trans(—1,3,—3) - Rot(y/",90°) '
] o o ) 10 0 2710 —10-3]
0-100][too 170 010 00 -1 1[0 01-1
_{roo0offoro 3 pio 100 Hi=H-D=1{, 1 o 2 ||—-100-3
00 10{[001-=3|{-1000 00 0 1 0001
00 01[[000 1 0 001 - - -
: .-- - L - IJH :‘JIHEIH
0 —10-3 0 10 —1]x
_ (ool — 1100 2]y,
~100-3]| 00 1 1|z
0 001 0 0 0 1
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0
—1 ]
DH —
"o I
0 0
1 0
g |00
=10
0 0
1 0
Our final goal is the geometrical model of a robot manipulator. A geometrical robot model is QH?, = g _0]
given by the description of the pose of the last segment of the robot (end effector) expressed in
the reference (base) frame. The knowledge how to describe the pose of an object by the use of 0 0
homogenous transformation matrices will be first applied to the process of assembly. For this
purpose a mechanical assembly consisting of four blocks will be considered. 0 1
A plate with dimensions (5% 15X 1) is placed over a block (5 x4 x 10). Another plate (8 x4 x 1) 0 1 0
is positioned perpendicularly to the first one, holding another small block (1 x 1 x5). H; = 0 0
A frame is attached to each of the four blocks. Our task will be to calculate the pose of the O,
frame with respect to the reference frame O,,. 0 0

e i e B e B

= |

L s s

fog et
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"H; = ("H\Dy) - ("HaD») - (PH3D3).

THE BIOROBOTICS In equation (2.24) the matrices OH,. 'H,. and *H3 describe the pose of each joint
INSTITUTE frame with respect to the preceding frame in the same way as in the case of assembly
of the blocs. From Figure 2.11 it is evident that the D matrix represents a rotation
around the positive z; axis. The following product of two matrices describes the

N

4 >5|'llnl;l SII[N‘l‘i()I‘t' pose and the displacement in the first joint
g/ Sant’Anna 100 0][ct—s100] [el-st00
' DHD_[OIOD“[SI cl 0{)}_[31 chO“
H=1loo1 n!llo o10l=10 014"
0001|0001| 000]‘
In the above matrices the following shorter notation was used: sint = sl and

costh =cl.
In the second joint there is a rotation around the z» axis

]

, ¥ 10007 [c2-5200 2 —s200
~ Q‘\ 0D, — 010 hL{]|s2c200] |[52c20h
5 g =1oo1o0fl|lo o010/ ]0 010

A3 0001 0 0 01 0 0 01

1000 100 0 100 0
2py = (01 0 B[ {010 0} 1010 &
001 0|[001—d 001 —d;
000 T1/|[000 1 000 1

The geometrical model of the SCARA robot manipulator is obtained by postmulti-
plication of the three matrices derived above

cl2 —s512 0 —l3512 — 51
512 12 0 Lel2+hel
0 0 1 Iy —ds

0 0 0 1

GH;: —

When multiplying the three matrices the following abbreviation was introduced
c12 =cos( + 1) =clc2 —s1s2 and 512 = sin() + th) = s1c2 + cls2.
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Matrix-based method for describing
the relations (rotations and
translations) between adjacent links.

D-H representation consists of
homogeneous 4x4 transformation
matrices, which represent each link
reference frame with respect to the
previous link.

Through a sequence of
transformations, the position of the
end effector can be expressed in the
base frame coordinates
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4 geometric parameters are associated to each link:
2 of them describe the relative position of adjacent link
(joint parameters)
2 of them describe the link structure

The homogeneous transformation matrices depend
on such geometric parameters, of which only one is
unknown
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&

ab

Joint §

Jointi + 1
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Joint i + 1

Cal > .

Joint i

_geometric parameters

The joint rotation axis is
defined at the connection
between the 2 links that the
joint connects.

For each axes, 2 normal lines
are defined, one for each link.
4 parameters are associated to
each link: 2 describe the
adjacent links relative position
(joint parameters) and 2
describe the link structure.
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Q) Joint i + 1

Joint i

geometric parameters

From the kinematics viewpoint,
a link keeps a fixed
configuration between 2 joints
(link structure).

The structure of link i can be
characterized through the
length and the angle of the
rotation axis of joint i.

a, = minimum distance along the
common normal line between
the two joint axes

o, = angle between the two joint
axes on a plane normal to a,
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* the position of the i-th link
with respect to the (i-1)-th
link can be expressed by
measuring the distance and
the angle between 2
adjcent links

* d.=distance between
X, normal lines, along the i-th
joint axis
* 0, =angle between two
normal lines, on a plane
normal to the axis

Q) Toinit i + 1

Joint i
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For a 6-DOF arm = 7 coordinate frames
z._, axis = motion axis of joint i

z, axis = motion axis of joint i+1

X; axis = normal to z, , axis and z, axis

y, axis = completes the frame with the right-hand rule

The end-effector position expressed in
the end-effector frame can be expresses
in the base frame, through a sequence
of transformations.

Joint i + 1

Joint §
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CARERNY

Algorithm:

1. Fix a base coordinate frame (0)
2. For each joint (1 a 5, for a 6-DOF robot), set:
the joint axis,
the origin of the coordinate frame,
the x axis,

the y axis.
3. Fix the end-effector coordinate frame.

4. For each joint and for each link, set:
the joint parameters
the link parameters.
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Denavit-Hartenberg Reference Frame Layout
Produced by Ethan Tira-Thompson
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Parametri delle coordinate dei link per il braccio PUMA

el a % el giunto
{190 ] —90 0 0 —160 to +160
2 0 0| 431.8mm | 149.09 mm | —225 t0 45
3190 90| -2032 mm 0 —45 10 225
4° | 0 -90 0 433.07 mm | —110to 170
5 0l 90 0 0 ~100 to 100
6 0 0 0 56.25 mm | —266 to 266
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= Once fixed the coordinate frames for each link, a homogenous transformation
matrix can be built, describing the relations between adjacent frames.

 The matrix is built through rotations and translations:
* Rotate around x; for an angle o, in order to align the z axes

* Translate of a, along x
e Translate of d, along z,_, in order to overlap the 2 origins
* Rotate around z, , for an angle 0, in order to align the x axes

Joirt i + 1

Joint §
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 The D-H transformation can be expressed with a

homogeneous transformation matrix:

i_1Ai=Tz,€) Tz,d Tx,a Tx,oc

COS6, - COSoy; SING;  SiNa; SiNG,
ro=FlA p = Sine, COSo,; COSO;  -SiNo,COSH;
1= AP T _

0 sino,; COSa;

0 0 0
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The D-H representation only depends on the 4 parameters
associated to each link, which completely describe all joints, either
revolute or prismatic.

For a revolute joint, d , a,, o, are the joint parameters, constant for
a given robot. Only 0. varies.

For a prismatic joint, 0., a., . are the joint parameters, constant
for a given robot. Only d.varies
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The homogeneous matrix T describing the n-th frame with respect to the base frame is
the product of the sequence of transformation matrices "'A, expressed as:

0T = XY, Z, Pi 0T = ORn Opn
n-— n
0 0 0 1 0 .

where [ X, Y, Z,] is the matrix describing the orientation of the n-th frame with respect to
the base frame

P.is the position vector pointing from the origin of the base frame to the origin of the n-
th frame

R is the matrix describing the roll, pitch and yaw angles
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The direct kinematics of a 6-link manipulator can be solved by
calculating T = %A, by multiplying the 6 matrices

For revolute-joints manipulators, the parameters to set for
finding the end-effector final position in the Cartesian space are
the joint angles 0. = q,

For a given g = (g, 4, d,, 95 d4 ds) it is possible to find
(x,y,z,roll, pitch, yaw)

x = K(q)=T(q)
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La terna utensile
non comcide con
la terna 3
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4 1]0}-m2]0 8
-
20! w2 I'd, ! B,
g | 172 |\~
3001 0 1dy! 0
ciey  —S5p 15y Cq5d3 —s51dy La terna utensile
70— 40 41 42 _ §1€7 €1 515y S15»2dy +oyd; coincide con la
3 71723 T terna 3
0 0 0 1
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Anthropomorphic manipulator

a; Uy i d; ! 9,
1 7210 | 9,
2(a, 1 0 1019,
3las ! 0 KEEN

51 eplasey +azes)
—c;  sylayey +azey)
0 755 + 3523
0 1

La terna utensile
non comecide con
la terna 3
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4|0 !-m/2! 0|89,
B IO R el LV
500 w/2 10 !9
6|01 0 Idg! 9

3. 35. 3 sono gl angoli di Eulero ZYZ della terna 6 rispetto alla 3

CqCsCg — 5455 —CyC555 —54C5 Cyql5 f’4-5'5ffﬁ La terna utensile
_ . coincide con la
73 = 43 4% 45 = | $455% T 4S5 540556 TC4C6 5455 S455dg ‘
6 — 143596 — B | d terna 6
55C6 5556 Cs Cstig

0 0 0 1
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Il manipolatore di Stanford & un manipolatore sferico con polso sferico

1[0 !/-m/2! 0!8
{ k |
210! w2 'dy, ! 5,
————r———— I__:_I____
3107 0 1dy! 0
_____T____T_J_F___I____
410 17m21 019
5 3 <
5101 ®2 10195
610, 0 |ds)9

0 03
Is =1 Eﬁ _ . |
Gia calcolata per il polso sferico

Gia calcolata per il manipolatore sferico
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La terna 3 del manipolatore antropomorfo non era orientata correttamente per il
successivo polso sferico. per cui per calcolare la cinematica diretta occorre rifare 1
conti (non basta semplicemente moltiplicare le due matrici di trasformazione
parziali)
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Typically. we have used a YDOF
model of the upper extremity
while accounting for the
glenohumeral joint and the scapula
translational motion

CSHOUA AT TN

Acromion—__

Shoulder (5DOF),
Elbow (1 DOF), and
Wrist (3DOF) Model B
R (aoatmial] process
Glendid e
(/7 cavity '[(I;:;-;dp T

Lateral
margin Medial
Humerus margin

Scapula

- < E
B GED
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) (1) Thumb

1{go+5]| 0 0 | 5°
2 51 0 |l1]| 5
3 52 0] 0 |5
4 53 0 [ljo]| O
D {s4 0 |lf—3| O
_ Min.  Max |
50 0 _%
451 %’/T Tl

g2 | U 2

@3 | g =TT
Gsa | == | 37




Kinematic model of the human body

Global XYZ

Table | DH table for arms, legs, and neck

v
N
Z

Lax

Ly

# DOF &, d, oLy o
1 J1 0 90 0
2 Q2 S0 S0 0
3 23 0 L1 90 0
4 Q4 S0 Q0 0
5 Qs 50 90 o]
& Ja S0 L2 Q0 0
7 7 0 90 0
g s S0 Q0 0
9 @9 S0 L3 S0 0
10 Q10 S0 Q0 0
11 Q11 S0 S0 0
12 M2 S0 L4 =50 L3
13 Q13 Q0 0
14 Q14 =50 L&
15 Q15 a0 )
1a Qla S0 S0 0
17 7 S0 L7 Q0 0
18 Q18 8] =50 0
15 Qe LE 90 0
20 Q20 S0 S0 0
21 Q21 0 0 0




Robot kinematics and differential kinematics

Kinematics - o
y q1
—_— YA d-
q = k (X) 9 .4
k(-) = direct kinematics A qs.
Differential kinematics
x =](q)q Velocity space

q=]""(q)x

J(q) = Jacobian matrix




Differential kinematics

Geometric Jacobian = transformation matrix
depending on the current robot configuration

v=|P| =J@q

J(q) = geometric Jacobian

o = linear velocity of the end effector
® = angular velocity of the end effector
g = joint velocity




Differential kinematics

To find the joint velocities given the end effector velocity in
operational space

v=|P| =J@q
a=1"@w=7"@|P

J-lis the inverse Jacobian

Integral numerical methods allows to find the g vector from
the vector of joint velocities
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/ Link 1 Joint 2
6,
Joint 1 <
O
Link 0

x,(6,,6,)="(,cos6,+(,cos(6,+6,)
v,(6,6,)=1( sméb +(,sm(b,+86,)

Differential kinematics

dv = ox,(60,.0,) 46, + ox,(0,.6,) J6.
00, oo, i
d‘,e — Q‘.e(‘\gl‘gl)del + &.9(01’02) deﬁ
06, oo, )
dx =J-dq
d. dé
dx=| | dq=| "
d.re dgl
&x,(6.6,) o%,(6.6,)
j-| 28 26,
| v,6.6,) ,6.6)
a6, 26,
Jo —(,smb,—(,sm(6,+6,) —(,sm(6 +6,)
(,cos6,+(,cos(6,+6,) [(,cos(6,+6,)
dx d _
e:J—q, or v,=J-q
dt dt

|



